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1. Consider the multiple linear regression model
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where Y7 € R™ | Yy € R™, X is a (n; X p) matrix, X is a (n2 X p) matrix, X = ( ;1 > has rank
2

p, and error terms €; and €9 are independent of each other with
€1 ~ Ny, (0,6%1,,) and €3 ~ Ny, (0, po*1I,,,) (p>0).
The unknown parameters are 3 € R? and o?.

1. Treat p as a constant and driver the maximum likelihood estimates of 5 and o2, denoted by
B, and &g.

2. Suppose that X; has full rank p and Xs has full rank no < p. Prove that as p goes to zero,
B, converges to
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where 3 = (X} X1)" 1 X!V].

3. Interpret the above limit in some context of multiple linear regression with constraints on .

2. Consider the simple linear regression
Y, =a+ BX; + ¢, i=1,...,n.

Define quadratic function
n

Qe B) =Y (Yi—a— BX;)”.

i=1
Let & and 8 be the estimators of a and 3, which minimizes Q(a, B). Let Y; = &+ BX;.
1. Find the gradient vector of Y; with respect to the vector Y = (Y1...,Y,)".
2. The degree of freedom, dy s of the fitted model is defined to be the trace of matrix g—g, where
Y =(Y1...,Y,). Find dpy. How is it related to the model?



